We construct three simple AdS/QCD models by the systematic procedure of GKN. In the ultraviolet region, all these models' gauge theory beta function approaches −λ 2 . In the infrared region, the first model's β ∝ −λ 2 , the second one β ∝ −λ 3 , while the third one β ∝ −λ. Here λ is the 't Hooft coupling constant. We calculate the heavy quark potentials in these models by the holographic method and find that at the short separation limit, all the potentials asymptote to −1/(ρ log 1.19ℓ ρ 4/3 ), where ℓ is the radius of the asymptotical AdS space.
Introduction
The Duality between string theories on Anti-deSitter space and conformal field theories on its boundary, i.e., AdS/CFT, are powerful tools for understanding the strong coupling gauge theory phenomena. In its most well known formulations, the duality is built for 4-dimensional N = 4 super Yang-Mills field theory and type IIB super string theory on the AdS 5 × S 5 background [1] , [2] . In practice, our greatest interest is not N = 4 SYM, which is conformal and non-confining, instead it is the N c = 3, N f = 4 or N f = 6 Quantum Chromodynamics, i.e. QCD, which has running coupling and confining properties.
To obtain predictions about the practical QCD theories through AdS/CFT, or more exactly, the holographic principle, people develop two ways, (i) the top-down method and (ii) the bottom-up approach. In the first method, people either construct dual string/gravity descriptions for gauge theories with running couplings, e.g. cascading gauge theories [3] , or build models for gauge theories with fewer super-symmetries relative to the N = 4 SYM[4] [5] .
For examples, some models implement fundamental flavors by adding probe branes in various exact or asymptotically AdS 5 × X 5 background [6] , see also [7] for reviews. The top-down method preserves fundamental structures of string theory and its dual gravity description is 10 dimensional.
In the second way, now known as AdS/QCD, people start from some 5 dimensional effective gravity theory and calculate the relevant 4D gauge theory quantities through holographic method. By requiring the results coincide with those from QCD phenomenologies, people obtain the general properties of the dual gravity background, which can be refined for further phenomenological goals. In the earliest implementation of this ideal by Polchinsky and Strassler [8] , an infra-red cut off on the dual AdS 5 background is introduced to implement confinement, hence the name hard wall model. Since the space-time of gravity descriptions ends below the cut off, appropriate boundary conditions must be imposed on this point by hand, see e.g., reference [9] and [10] . In reference [11] , it is proposed that, by adding quark masses/condensates, this model can become a remarkably good model of chiral symmetry broken dynamics. To improve the Regge behavior of highly excited rho mesons and higher spin mesons, reference [12] proposed the soft wall model, where the infra-red hard wall is replaced by a dilaton quadratically depending on the holographic radial coordinate. In dependently, in reference [13] and [14] , the same dilaton is interpreted as a simple factor e cz 2 in front of the metrics. Different from this guess and trial approach, in references [15] , [16] and [17] GKN(Gürsoy, Kiritsis, and Nitti) propose a systematic procedure for dual gravity background's construction and provide several interesting models as illustrations.
The purpose of this paper is to construct more models following GKN's procedure. One of our motivations is, we wish the metric and dilaton field of the dual gravity theory be as simple as possible, so that further QCD phenomenological calculations can be carried out more conveniently and analytically, although only the heavy quark potentials are calculated here. For this reason, we do not require our models have β functions exactly coincide with the perturbative QCD result to higher loops. We will introduce GKN's procedure and construct our models in the next section. While the next next section contains the detailed calculation of heavy quark potentials in the resulting models. The last section contains our main conclusions and prospects for future studies.
The Models
By GKN's arguments, the non-critical string background dual to QCD like gauge theories can be described by the following Einstein frame action
where we have neglected the effects of an axion field, which is of O(N −2 c ) relative to the terms written out explicitly; the potential V (Φ) encodes various contributions such as the higher α ′ corrections and the integration of RR 4-form field whose flux seeds the D3 branes and U(N c ) gauge group. Its functional form cannot be derived out explicitly from the first principle, but can be determined through inputs of QCD phenomenologies, e.g., the β function describing the running of coupling constant.
Setting the dual gravity geometry as
and introducing phase space variable X = Φ ′ 3A ′ , GKN find that the dilaton field's equation of motion and Einstein equations following from minimization of action (1) can be written as first order forms,
where Φ ′ = dΦ du and A ′ = dA du . After identifying the exponentiated dilaton field with the 't Hooft coupling constant λ ≡ N c g 2 Y M and the metric function e A(u) with the QCD energy,
GKN set up an explicit relation between the gauge theory β function and the gravity theory quantities Φ and A,
To implement asymptotical freedom in the dual gauge theory, it is required that A(u) → u, Φ → −∞ as u → ∞, i.e., the dual space-time is asymptotically anti-deSitter. Obviously, in this construction of AdS/QCD models, the non-perturbative β function determines the whole structure of the dual gravity theories. In turn, as long as we know the latter, we can use it to calculate more QCD phenomenological quantities through the holographic method.
In this paper, we will consider 3 models, each with exact (non-perturbative effects included) β function
Model 3 : Nevertheless, there are evidences that non-perturbative effects indeed produce this kind of β functions, see e.g. [18] and [19] . For model 1, according to GKN's procedure,
so the dual gravity background can be written out explicitly
where we use λ as the radial holographic coordinate. Using eq(3c), we know that the potential of this model's dilaton field is,
From this potential, we easily see that the dual gravity background is asymptotically AdS in the ultraviolet limit but not so in the infrared region.
If we use domain wall coordinates, we will have
where λ(u) should be obtained by integrating the last equation in (15b). Similarly, using conformal coordinates, we have
From equation (11), we know that 
Note that xΓ[0, x] x→0 → 0, relative to the first term, the second term on the r.h.s of (18) can be neglected. So in the ultraviolet region, λ → 0, u → ℓ bλ , A = 1 bλ → u ℓ , the dual gravity background is indeed asymptotically AdS. While in the infra-red region, λ → ∞, using expansion formula the incomplete Gamma function Γ[a, z] z→∞ = e −z z a−1 1 + a−1 z + O(z −2 ) we see that, u → 2ℓe − 4 9 bλ (bλ) −1 . As the result, the gauge coupling λ → ∞ when the domain wall coordinate u → 0. Obviously, the dual gravity background is non-AdS in the infra-red limit. Its scale factor e A = e 1 bλ → 1 in the deep infra-red region, this is a natural softwall of the dual gravity background.
For model 2, by the same procedure as previous we know the dual gravity background and the corresponding dilaton potential functions are
and
respectively. Obviously, in the ultraviolet region λ → 0, this model has the same asymptotical geometry -AdS space-time -as model 1. While in the infra-red region,
So in this model, although the rate of u → 0 as λ → ∞ is different from that in model 1, the qualitative conclusions that, (i) u → 0 as λ → ∞, (ii) the dual gravity background is not asymptotically AdS in the infra-red limit, (iii) the dual gravity space-time's scale factor e A λ→∞ → 1 are common between the two models. For model 3, b 0 shrinks to zero as λ → ∞, the corresponding domain wall coordinate u approaches zero as λ → ∞ by the following law
In summary, in the ultraviolet limit, the three models' dual gravity description have the same asymptotical background -AdS space-time plus running dilaton field. In the infrared region, model 1 and 2's dual space-time scale factor approaches to 1 as λ → ∞, but model 3's scale factor shrinks to zero size as λ → ∞. The domain wall coordinate u of model 1 approaches zero at the rate u ∼ 2e − 4 9 bλ , that of model 2 at the rate u ∼ 4e
Heavy quark potentials
The heavy quark potential is an important quantity relevant to confinement. It is measured with great detail in lattice simulations, see reference [20] . The result can be described with the so called Cornell potential to very high precision,
where the coefficients are adjusted to fit the charmonum spectrum, see reference [21] .
According to the general gauge/string duality, the potential energy of an external quarkantiquark pair separated by distance ρ can be calculated by examining a U-shaped open string whose two ends are fixed on the boundary of the asymptotical AdS space-time while the center part dips into the bulks,
For this string, the Nambu-Goto action reads
where we have used the fact that at the center point of the string, σ = 0, λ ,σ = 0. Using eqs (31) and (32), both the distance ρ between the two ends of the string and its energy E can be expressed as functions of λ 0 .
By the viewpoint of Gauge theory/string dualities, ρ corresponds to the distance between the two heavy quarks, while the energy E of eq(30) is the total energy of the quark-antiquark pair. It includes their interacting potential and rest mass energies, which is divergent. To obtain the finite interacting potential, we subtract from the total energy the rest mass part of two heavy quarks, which is equal to that of two straight strings parameterized by
By this subtraction scheme, which follows reference [22] and [23] , the heavy quark potential can be written as
where √ · · · denotes an expression the same as the denominator. It is worth to note that, λ 0 is the deepest point of the dual gravity background the U-shaped string dips into, which corresponds to the deepest infrared dynamics of the gauge theory the heavy quark pair probes. So in the integrals of (33) and (37) λ < λ 0 , φ < φ 0 ,Φ < 0,Ã > 0.
Our goal in the following is to adapt the above general formulas to the AdS/QCD models of the previous section and find the E− ρ relations. We will also compare the resulting relations to the Cornell potential (28) and approximately fix the relevant parameters involved in these models.
Model 1
For this model, substituting the A and D functions of eq(13) into eqs(33) and (37) we get,
whereλ ≡ λ λ 0 , c≡bλ 0 > 0 and the ' √ · · ·' still means an expression the same as the denominator. To assure the integrand of the right hand side take real values in the rangeλ ∈ [0, 1], the parameter c must be less than 3 2 . Through qualitative analysis of (38), we know that ρ is a monotonically increasing function of c.
Under the limit of c → 3 2 , the integration of eq(38) is dominated by contributions from the short interval aroundλ = 1. This can be looked out from the following reasoning. Let
Then
So if we expand the integrand of eq(38) aroundλ = 1, we will have
where ǫ =λ − 1. Obviously, the denominator of the integrand approaches zero as ǫ → 0 while the numerator keeps finite in the whole range of the integration. As the result, the integration is dominated by contributions from the short interval aroundλ = 1. So
By the same reasoning, the first part of the inter-quark potentials can be calculated
While for the second part of the inter-quark potentials E qq2 , we have 
numerically Γ 1 3 , 2 3 = 0.4232. Now, let us look at the limit c → 0. 
we knowρ
In the derivation of eqs(50), we used the definition and iteration formulas of the incomplete Gamma function collected in the appendix A. While for the relevant summations of infinite series, we truncated them to 10000 1 · · · , by which the residue contribution can be neglected to 10 −4 relative precision. Similarly,
Different fromρ andǫ 1 , the calculation ofǫ 2 does not allow similar expansion techniques.
We take approximations that
To lowest order in c, this result is consistent with direct numerical integrations. As the result
From eqs (47) and (48), we see that at the short separation limit, ρ → 0, E→ −∞, while the product E· ρ is a quantity weakly depending on ρ (relative to E's dependence on ρ).
So we can write the short separation potential as
the c(ρ) function here should be obtained by reversing the relation (47). For example, to first order approximation in log ℓ ρ −1 , we can use iteration method to obtain
The form of this function can be systematically refined by computing higher powers of c terms in the series (51) and reverse eq(47). E(Gev) Figure 1 : Heavy quark potentials in model 1, scattered points are from numerical integrations, the red lines come from analytical approximation formula (57), while the magenta line is the Cornell potential. The left panel adopts the best-fitted parameters of (58), the right panel adopts parameters in (59) which come from matching of the current model prediction with the Cornell potential at the long separation limit. Note that 1Gev −1 = 0.1973fm.
Combining eqs(45), (46) and (55) together, we can write the complete the heavy quark potential as follows 3 . Just as we will show, this is a common feature of the three models provided by this paper and most of those by [16] and [17] . A noteworthy feature of figure 1 is, the analytical result(continuous line) has a non-smooth point at ρ = m −1 c , where m c is the charm quark mass and is taken as 1.25Gev throughout this paper. This is because the analytical expression for ǫ(c) in eq(48) is incomplete, so it is singular when ρ > 1.19ℓ. To avoid this singularity, we take ǫ(ρ) ρ>1/mc ≡ ǫ(m −1 c ). Due to the fact that eq(57) does not have the form of standard Cornell potential, we cannot determine the parameters α ′ b 4 3 and ℓ in it by matching it to (28) . Instead we can fix them by requiring that eq(57) gives an E− ρ relation 1 as close as possible to that of eq (28) when ρ takes values in a small range, say 1 3 m −1 c < ρ < 3m −1 c . Then through best fitting, we get
By this parameter set (58), the heavy quark potentials arising from the current model does not agree with the Cornell potential on large separation scales, just as displayed on the left panel of figure 1 .
However, if we fix the relevant parameters by matching the last two term of eq(57) to those of eq (28) , which yields
then we get an E− ρ relation nearly coincides with the Cornell potential at long separations. But at short separations the agreement between the model prediction and the Cornell potential degrades, see the right panel of figure 1 . Under this parameter fixing condition, the 1 ρ term's coefficient of eq(57) can be calculated as a prediction.
If we approximately think that on separations around O(m −1 c ), the 1 ρ term's coefficient of eq(57) are constant, then we can compare the prediction eq(60) with the corresponding coefficient in the standard Cornell potential, κ = 0.48. We may say this is a not so bad prediction! Usually, in the AdS/QCD model calculations, different subtraction schemes will give different constant terms for the heavy quark potentials thence affect the determination of parameter ℓ of eq(59b). The quality of the prediction (60) which used eq(59b) as an input indicates that the subtraction scheme we used here is favored.
Model 2 and model 3
In principle, the heavy quark potentials in this two model can be calculated by the same expansion and integration formulas as in model 1. The results are compared with numerics in Figure 2 . From the figure we see that, in model 2, the analytical approximation overestimates the potentials in the parameter ranges interests us mostly. While in model 3, the analytical method underestimates the potential. Systematically improving this approximation is very difficult. So we resort numerics and calculate the heavy quark potentials in this two models by directly integrating eqs(33) and (37), with (20) and (24) substituted. The results are displayed in Figure 3 .
From Figure 2 , we see that in the long separation limit E∝ ρ in both models. While in the short separation limit, just as we mentioned in the previous subsection and will show in the following, the heavy quark potentials in this two models are not proportional approximately so much, see reference [24] . While in model 3, the reason we fix b
is because there are evidences both from lattice studies and analytical works that, at the small momentum limit, quenched approximation (N f = 0) yields α QCD,M OM ∝ p 4 , see e.g [18] . This means that β(λ) ∝ −4λ, see e.g. the first reference of [19] . Of course, the more better doing should be taking 0 together as free parameters and using best fit method to determine their values. Such doing is very time-consuming and in the current stage of these model's establishment, we think this is unnecessary. grows. Physically, this means that the quicker the coupling constant runs(Note in this case β ∝ −b 1 λ 3 and we use |β| to measure the rate of coupling constants running), the flatter heavy quark potentials will be. While at the short separation limit, heavy quark potentials with different b 1 b 2 0 parameters asymptote to the same limit as model 1.
From the right panel of Figure 3 , we easily see that at the short separation limit, the heavy quark potentials in model 3 are just the same as that of model 2, hence the same as in model 1. At long separations, the effects of varying b 1 b 0 parameters on the value of the potentials is obvious. But its effect on the linear confining coefficient is not so clear. By similar derivations as in model 1, refer to eqs(44) and (45), we can derive out
From this result, we know that as b 1 b 0 increases, the linear confining coefficient decreases
It is worth to point out that, the short separation behavior E qq,ρ→0 ≈ −1/(ρ log 1.19ℓ
of the heavy quark potentials are not monopolization of models provided by this paper.
It also occurs to most of the models provided by references [16] and [17] . We make this statement because in the ultraviolet limit λ → 0, almost all the gauge theory β function of those models have the same behavior as our model 2 does, which is a natural requirement of perturbative QCD. For our model 2, the heavy quark potentials at the short separation limit can be approximately calculated. Substituting eqs (20) into (33) and (37) and making appropriate variable redefinitions, we have
where c ≡ b 0 λ 0 , p = b 1 λ 0 /b 0 and ρ = 
The relevant approximations can be checked by numerics.ǫ 2 does not allow expansion and integrations asǫ 1 does. This is a question we have encountered in model 1. From eq(67), (68) and (69), we see that to lowest order approximation the quantitiesρ andǫ =ǫ 1 −ǫ 2 are nearly constants. So, by eqs(65),
The result indeed has the asymptotic behavior we claimed at the beginning of our derivations.
Discussions and conclusions
From the previous section, we know that the heavy quark potentials following from all the three models provided by this paper and those by reference [16] and [17] asymptote to the same form E∝ −1/(ρ log 1.19ℓ ρ 4/3 ) at the short separation limit. Although this is different from the usual Cornell potential, this does not mean that these models are not good models of phenomenologies. For example, as we illustrated in Figure 2 , by tuning the relevant parameters properly, we can make the heavy quark potentials following from them nearly coincide with the Cornell potential on separations at the scales interest us mostly. From eqs (30) and (37), we see that the factor log 1.19ℓ ρ 4/3 appearing in the final expression of heavy quark potentials originates from the fact that it is the string frame metric e 4Φ 3 G E µν , rather than the Einstein one that enters the Nambu-Goto action.
Taking our results and those of the soft-wall models, see e.g. reference [13] , as a comparison will make this point more clear. The heavy quark potential of [13] E qq,ρ→∞ ∝ 1/ρ and the Nambu-Goto action of its fundamental strings is
G µν : ds 2 = ℓ 2 e cz 2 /2 z 2 (−dt 2 + d x · d x + dz 2 ).
Obviously, this action is completely determined by the metric G µν which is asymptotically anti-deSitter. While for models provided by this paper and those by [16] and [17] , the Einstein metric, although being asymptotically anti-deSitter, is not the only ingredient that determines the action of fundamental strings. From eqs (30) we easily see that the metric G E µν appearing in the Nambu-Goto action is multiplied by an exponentiated dilaton factor e 
To assure the geometry is asymptotically AdS in the ultraviolet limit, we assume p > 1.
For this model, the short separation limit of the heavy quark potentials can be calculated similarly as in model 1 and model 2. 
